Graph colourings, spaces of edges and spaces of circuits by Schultz, Carsten
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GRAPH COLOURINGS, SPACES OF EDGES AND SPACES OF
CIRCUITS
CARSTEN SCHULTZ
Abstrat. By Lovász' proof of the Kneser onjeture, the hromati number of
a graph G is bounded from below by the index of the Z2-spae Hom(K2, G) plus
two. We show that the ohomologial index of Hom(K2, G) is also greater than the
ohomologial index of the Z2-spae Hom(C2r+1, G) for r ≥ 1. This gives a new
and simple proof of the strong form of the graph olouring theorem by Babson and
Kozlov, whih had been onjetured by Lovász, and at the same time shows that
it never gives a stronger bound than an be obtained by Hom(K2, G). The proof
extends ideas introdued by ivaljevi¢ in a previous elegant proof of a speial ase.
We then generalise the arguments and obtain onditions under whih orresponding
results hold for other graphs in plae of C2r+1. This enables us to nd an innite
family of test graphs of hromati number 4 among the Kneser graphs.
Our main new result is a desription of the Z2-homotopy type of the diret limit
of the system of all the spaes Hom(C2r+1, G) in terms of the Z2-homotopy type of
Hom(K2, G). A orollary is that the oindex of Hom(K2, G) does not exeed the
oindex of Hom(C2r+1, G) by more then one if r is hosen suiently large. Thus the
graph olouring bound in the theorem by Babson & Kozlov is also never weaker than
that from Lovász' proof of the Kneser onjeture.
1. Introdution
Bakground. As a means of proving Kneser's Conjeture, Lovász has shown that a
graph is not k-olourable if its neighbourhood omplex is (k − 2)-onneted. Sine the
neighbourhood omplex of G is homotopy equivalent to the ell omplex Hom(K2, G),
whih was introdued later, this result an be stated as follows. All neessary denitions
will be given in the next setion.
1.1. Theorem (Lovász [Lov78℄). Let G be a graph. Then
connHom(K2, G) ≤ χ(G)− 3.
The reformulation in terms of the Hom-omplex made it natural to ask if similar
theorems would hold for graphs other than K2. In partiular, one might have hoped that
connHom(T,G) ≤ χ(G)−χ(T )−1 for all graphs T and G, provided that Hom(T,G) 6=
Ø. A graph T suh that this holds for all graphs G is alled a test graph [BK06a℄. Hoory
and Linial have shown that not every graph is a test graph by giving an example of a
graph T with connHom(T,Kχ(T )) ≥ 0 [HL05℄. Babson and Kozlov sueeded in proving
the following positive result that had been onjetured by Lovász.
Date: June 2006.
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1.2. Theorem (Babson & Kozlov [BK06b℄). Let G be a graph. Then
connHom(C2r+1, G) ≤ χ(G) − 4.
The spaes Hom(K2, G) and Hom(C2r+1, G) are equipped with free Z2-ations. For
suh spaes there are several index funtions that assign to the spae an integer mea-
suring the omplexity of the ation. We give denitions in 2.2 and reall that
connX + 1 ≤ coindZ2 X ≤ cohom-indZ2 X ≤ indZ2 X
for all free Z2-spaes X. In both of the above theorems, connX is only used in the
statement for onveniene, sine it does not depend on the ation. In both ases, connX
an immediately be replaed by coindZ2 X − 1.
In the ase of the original Lovász riterion, the now usual proof yields the following
result.
1.3. Theorem. Let G be a graph. Then indZ2 Hom(K2, G) ≤ χ(G) − 2.
Proof. A olouring c : G → Kn indues a Z2-map Hom(K2, G) → Hom(K2,Kn), and
Hom(K2,Kn) is Z2-homeomorphi to the (n − 2)-sphere with the antipodal map. For
this homeomorphism see e.g. [BK06a, 4.2℄, [Sh05b, Rem. 2.5℄, or Example 4.5. 
We remark that the inequality coindZ2 X ≤ indZ2 X that is used to obtain
Theorem 1.1 from Theorem 1.3 is essentially the Borsuk-Ulam Theorem.
For C2r+1, Babson and Kozlov had proposed and partially proven the following
slightly stronger version of Theorem 1.2.
1.4. Theorem. Let G be a graph. Then cohom-indZ2 Hom(C2r+1, G) ≤ χ(G)− 3.
Results. The main result of the urrent work is the following.
1.5. Theorem. Let G be a graph. Then
colim
r
Hom(C2r+1, G) ≃Z2 MapZ2(S
1
b ,Hom(K2, G)).
This result will be part of Theorem 5.11. The left hand side of this homotopy equiv-
alene is the olimit of a diagram that will be dened in Setion 5. The right hand
side is the spae of all equivariant maps from S
1
equipped with the antipodal map to
Hom(K2, G). This spae is made into a Z2-spae via a seond Z2-ation on S
1
that is a
reetion by a line through the origin in R
2
; that S
1
is equipped with these two ations
is what the notation S
1
b indiates (see 4.1).
The spae Hom(K2, G) an be thought of as the spae of oriented edges of G, the Z2-
ation being orientation reversal. The spae colimr Hom(C2r+1, G) an be thought of as
the spae of parametrized iruits, or losed paths, in G of arbitrary but odd length, the
Z2-ation being the reversal of the diretion of the losed paths. The theorem desribes
that the Z2-homotopy type of the former determines the Z2-homotopy type of the latter.
The onsequenes of this homotopy equivalene for the graph olouring theorems
above is desribed by the following orollaries. Sine in the body of this artile they will
be proved before the theorem, we here give their derivations from it. Readers who are
not very familiar with the methods are enouraged to skip them.
1.6. Corollary. Let G be a graph with at least one edge. Then
cohom-indZ2 Hom(C2r+1, G) + 1 ≤ cohom-indZ2 Hom(K2, G).
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Proof. We have a omposition of Z2-maps
S
1
b ×Z2 Hom(C2r+1, G)→Z2 S
1
b ×Z2 colim
r
Hom(C2r+1, G)
≃Z2 S
1
b ×Z2 MapZ2(S
1
b ,Hom(K2, G))
→Z2 Hom(K2, G),
where the last arrow is indued by evaluation. The result now follows from Lemma 4.2.

1.7. Corollary. Let G be a graph with at least one edge. Then
coindZ2 Hom(K2, G) ≤ lim
r→∞
coindZ2 Hom(C2r+1, G) + 1.
Proof. Assume coindZ2 Hom(K2, G) ≥ k + 1, i.e. the existene of a Z2-map S
k+1 →Z2
Hom(K2, G). There is a map S
1
b ×Z2 S
k →Z2 S
k+1
and hene a map S
1
b ×Z2 S
k →Z2
Hom(K2, G). This means that there is a map
S
k →Z2 MapZ2(S
1
b ,Hom(K2, G)) ≃Z2 colim
r
Hom(C2r+1, G).
Beause of the ompatness of S
k
, it follows that whenever r is large enough there is a
map S
k →Z2 Hom(C2r+1, G), i.e. coindZ2 Hom(C2r+1, G) ≥ k. 
Outline. We start with neessary denitions and fats in Setion 2.
In Setion 3 we give a short proof of Corollary 1.6. This redues Theorem 1.4 to
Theorem 1.3. So far, the proof of Theorem 1.4 in [Sh05a℄ had also been the simplest
known proof of Theorem 1.2. However, ivaljevi¢ had given a surprising proof of
coindZ2 Hom(C2r+1, G) ≤ 2
⌈
χ(G)
2
⌉
− 3
that was even simpler [iv05b, iv05a℄. Our proof in Setion 3 extends arguments from
ivaljevi¢'s proof. If one is ontent to obtain a bound on the oindex of Hom(C2r+1, G)
instead of the ohomologial index, it is ompletely elementary in the sense that the
Algebrai Topology used is not more advaned than the degree of maps between spheres
of the same dimension, i.e. nothing more advaned than the Borsuk-Ulam Theorem.
In Setion 4 we generalize the proof and obtain onditions under whih inequali-
ties similar to Corollary 1.6 hold. This ulminates in Theorem 4.9 whih ontains
Corollary 1.6 as a speial ase. As an appliation we show in Example 4.13 that there
is an innite family of Kneser graphs with hromati number 4 whih are test graphs.
Exept for a topologial lemma at its beginning, this setion is not needed for what
follows.
In Setion 5 we rst prove Corollary 1.7 and nally Theorem 1.5.
Aknowledgements. I thank Mark de Longueville, Elmar Vogt and Rade ivaljevi¢
for helpful disussions.
2. Objets of study
We introdue the objets and onepts used in the proof. The only thing worth to
be mentioned speially is Denition 2.9, whih is very natural but to our knowledge
has not been used expliitly before.
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Free Z2-spaes. We assume all spaes to be CW-spaes. A good introdution to
equivariant methods from the point of view of ombinatorial appliations is [Mat03℄.
2.1. Denition. For an integer m ≥ −1, we say that a topologial spae X is m-
onneted if every ontinuous map S
k → X with −1 ≤ k ≤ m an be extended to a
ontinuous map D
k+1 → X. We dene the onnetivity of X, connX ∈ Z∪ {∞}, to be
the largest m suh that X is m-onneted.
2.2. Denition. Let X be a free Z2-spae, i.e. a spae with a xed point free involution.
We dene the index and oindex of X by
indZ2 X := min
{
k : There is a Z2-map X → S
k
}
,
coindZ2 X := max
{
k : There is a Z2-map S
k → X
}
.
Sine there is a Z2-map f : X → S
∞
and this map is unique up to Z2-homotopy, we an
also dene the ohomologial index
cohom-indZ2 X := max
{
k : f¯∗(γk) 6= 0
}
,
where f¯ : X/Z2 → RP
∞
is the map indued by f , and H∗(RP∞;Z2) = Z2[γ].
2.3. Denition. If X, Y are Z2-spaes and f : X → Y a map, then we will also all f
an odd map if it is equivariant, and we will all f an even map if it maps eah orbit to
a single point.
2.4. Proposition. If X is a free Z2-spae and pX : X → X/Z2 the anonial quotient
map, then there is the ohomology transfer maps p!X : H
∗(X;Z2)→ H
∗(X/Z2;Z2) whih
ts in a long exat sequene
Hk(X/Z2;Z2)
p∗
X−−→ Hk(X;Z2)
p!
X−−→ Hk(X/Z2;Z2)
δ∗
−→ Hk+1(X/Z2;Z2)
p∗
X−−→ Hk+1(X;Z2)
whih is natural with respet to Z2-maps. For X = S
∞
and k ≥ 0 it follows that
δ∗ : Hk(RP∞;Z2)→ H
k+1(RP∞;Z2) is an isomorphism, i.e. δ
∗(γk) = γk+1.
Introdutions to transfer maps whih are suient for our purposes when translated
from homology to ohomology an be found in the proof of the Borsuk-Ulam Theorem
presented in the textbooks of Bredon [Bre93, pp. 240241℄ and Hather [Hat02, p. 174℄.
A more omplete referene is [Bre72, Chap. III℄.
Order omplexes. For a partially ordered set, or poset, P , we denote by ∆P its
order omplex, the simpliial omplex with vertex set P that onsists of all hains
in P . Any monotone (or antitone) map f : P → Q between posets indues a simpliial
map ∆f : ∆P → ∆Q. For a ell omplex C we denote its fae poset by FC and its
underlying spae by |C|. Thus ∆(FC) is the baryentri subdivision of the omplex C
and |∆(FC)| ≈ |C|. For posets P and Q, ∆(P ×Q) is a simpliial subdivision of the ell
omplex ∆P ×∆Q, one often used for the produt of simpliial omplexes with vertex
orderings.
For posets P and Q we denote by Mon(P,Q) the poset of all order preserving maps
from P to Q.
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Graph omplexes. We will be brief in our desription of Hom-omplexes. A good
introdution is ontained in [Koz06℄.
All graphs that we onsider are nite, simple, and without loops. The vertex set of a
graph G is denoted by V (G), the set of edges by E(G).
2.5. Notation. Let n ∈ N. Kn denotes the omplete graph on n verties with vertex
set {0, . . . , n − 1}. Cn is the yle of length n with vertex set {0, . . . , n− 1}.
2.6. Denition. A graph homomorphism from G to H is a funtion f : V (G) → V (H)
that respets the edge relation, i.e. suh that {f(u), f(u′)} ∈ E(H) whenever {u, u′} ∈
E(G). The set of all graph homomorphisms from G to H is denoted by Hom0(G,H).
2.7. Denition. Let G, H be graphs. Amulti-homomorphism from G to H is a funtion
φ : V (G)→ P(V (H))\ {Ø} suh that every funtion f : V (G) → V (H) with f(v) ∈ φ(v)
for all v ∈ V (G) is a graph homomorphism.
2.8. Denition. Let G, H be graphs. A funtion φ : V (G) → P(V (H))\ {Ø} an be
identied with a ell of the ell omplex∏
v∈V (G)
∆#V (H)−1.
The subomplex of all ells indexed by multi-homomorphisms is denoted by Hom(G,H).
We identify elements of F Hom(G,H) with the orresponding multi-homomorphisms
and Hom0(G,H) with the 0-skeleton of Hom(G,H).
2.9. Denition and Proposition. The monotone map
∗ : F Hom(G,G′)× F Hom(G′, G′′) −−→ F Hom(G,G′′)
(φ ∗ ρ)(v) := ρ[φ(v)]
indues a ontinuous map
∗ : |Hom(G,G′)| × |Hom(G′, G′′)| −−→ |Hom(G,G′′)|.
This map is assoiative and its restrition to Hom0(G,G
′) × Hom0(G
′, G′′) →
Hom0(G,G
′′) oinides with omposition of graph homomorphisms. Hene its restri-
tions Hom0(G,G
′) × Hom(G′, G′′) → Hom(G,G′) and Hom(G,G′) × Hom0(G
′, G′′) →
Hom(G,G′) make Hom into a funtor, ontravariant in the rst and ovariant in the
seond argument.
2.10. Denition and Proposition. If H is a graph and α ∈ Hom0(H,H) satises
α2 = idG and α ips an edge of H (i.e. the edge is invariant but not xed under α),
then for every graph G
|Hom(H,G)| → |Hom(H,G)|
x 7→ α ∗ x
is a xed point free involution. It is in this way that we make Hom(K2, G) and
Hom(Cn, G) into free Z2-spaes.
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3. Proof of Corollary 1.6
Let G be a graph, r ≥ 1. We onsider the free Z2-ations on Hom(K2, G) and
Hom(C2r+1, G) indued by α ∈ Hom0(K2,K2) and β ∈ Hom0(C2r+1, C2r+1) with
α(v) = 1− v and β(v) = 2r − v.
Every x ∈ |Hom(K2, C2r+1)| indues a map
fx : |Hom(C2r+1, G)| → |Hom(K2, G)|,
y 7→ x ∗ y.
We dene x0, x1 ∈ F Hom(K2, C2r+1) by x0(0) := {r}, x0(1) := {r − 1, r + 1}, x1(0) =
{0}, x1(1) = {2r}. Then x0 ∗ β = x0 and x1 ∗ β = α ∗ x1. Hene, fx0(β ∗ y) = fx0(y)
and fx1(β ∗y) = α∗fx1(y) for all y, i.e., using the language of Denition 2.3, fx0 is even
and fx1 odd.
It is easy to hek that the omplex Hom(K2, C2r+1) is homeomorphi to a 1-sphere
and in partiular path-onneted. A path (xt) from x0 to x1 gives a homotopy fxt, and
hene fx0 ≃ fx1 .
The inequality cohom-indZ2 Hom(C2r+1, G) + 1 ≤ cohom-indZ2 Hom(K2, G) now is a
onsequene of the following Lemma. 
3.1. Lemma. Let X, Y be free Z2-spaes, Y 6= Ø, f, g : X → Y maps. If f is odd, g
even, and f ≃ g, then cohom-indZ2 X + 1 ≤ cohom-indZ2 Y .
Before proving the Lemma we quikly show how to obtain the weaker inequality
coindZ2 X+1 ≤ indZ2 Y . If for some k there is a Z2-map k : Y → S
k
, then the existene
of a Z2-map l : S
k → X would give rise to an odd map k◦f ◦l : Sk → Sk and an even map
k ◦ g ◦ l. These maps would be homotopi, whih ontradits that even maps between
spheres have even degree and odd maps have odd degree [Hat02, Prop. 2B.6℄.
Proof. Let k ≥ 0. We show that cohom-indZ2 Y ≤ k implies cohom-indZ2 X < k.
Assume that h¯∗(γk+1) = 0 where h¯ is indued by a Z2-map h : Y → S
∞
. From
Proposition 2.4 we obtain a ommutative diagram
Hk(RP∞;Z2) ∼=
δ∗
//
h¯∗

Hk+1(RP∞;Z2)
h¯∗

Hk(Y ;Z2)
p!
Y
//
(g′)∗
wwnn
n
n
n
n
n
n
n
n
n
n
f∗

Hk(Y/Z2;Z2)
δ∗
//
f¯∗

Hk+1(Y/Z2;Z2)
Hk(X/Z2;Z2)
p∗
X
// Hk(X;Z2)
p!
X
// Hk(X/Z2;Z2)
with exat rows, where g′ is dened by g = g′ ◦ pX . Now
δ∗(h¯∗(γk)) = h¯∗(δ∗(γk)) = h¯∗(γk+1) = 0.
Therefore there is an η ∈ Hk(Y ;Z2) with h¯
∗(γk) = p!Y (η) and
(h¯ ◦ f¯)∗(γk) = f¯∗(h¯∗(γk)) = f¯∗(p!Y (η)) = p
!
X(f
∗(η)) = p!X(p
∗
X((g
′)∗(η))) = 0
follows. 
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4. Generalizations
In Setion 3 we have shown that
cohom-indZ2 Hom(C2r+1,H) + 1 ≤ cohom-indZ2 Hom(K2,H),
and the proof used properties of Hom(K2, C2r+1). We will generalize this and determine
properties of Hom(G,G′) whih imply that
cohom-indZ2 Hom(G
′,H) + k ≤ cohom-indZ2 Hom(G,H)
for a suitable k ≥ 1 and all graphs H, Theorem 4.9. As an appliation we obtain an
innite family of test graphs with hromati number 4 in Example 4.13.
For the omplex Hom(K2, C2r+1) we impliitly used the Z2-operation indued by the
involution of C2r+1 as well as that indued by the involution of K2. It is easily seen that
there is a homeomorphism Hom(K2, C2r+1) ≈ S
1
under whih the operation indued
by the involution of C2r+1 is equivalent to a reetion by a line through the origin of
R
2 ⊃ S1 and the operation indued by the involution ofK2 is equivalent to the antipodal
ation on S
1
. This leads us to the following denition.
4.1. Notation. We write Z2 multipliatively as Z2 = {1, τ}. We will always onsider
S
k
to be equipped with the left Z2 ation given by the antipodal map
τ · (x0, . . . , xk) := (−x0, . . . ,−xk).
When additionally equipped with the right Z2-ation by the reetion
(x0, . . . , xk) · τ := (−x0, x1, . . . , xk)
we will write the sphere as S
k
b . Sine these two ations ommute, we an also see them
as a single Z2 × Z2-ation.
The ase k = 1 of the following lemma is equivalent to Lemma 3.1.
4.2. Lemma. Let X 6= Ø be a free Z2-spae and k ≥ 0. Then
S
k
b ×Z2 X := (S
k
b ×X)/(s,τx)∼(sτ,x)
is also a free Z2-spae, and
cohom-indZ2 X + k ≤ cohom-indZ2(S
k ×Z2 X).
Proof. Sine the left and right ation on S
k
b ommute, the left ation indues an ation
on S
k
b ×Z2 X, whih is free, beause the left ations on S
k
b and X are free. Furthermore
S
0
b ×Z2 X ≈Z2 X , and it will be suient to show
cohom-indZ2(S
k−1
b ×Z2 X) + 1 ≤ cohom-indZ2(S
k
b ×Z2 X)
for k ≥ 1.
We onsider the map
f : Sk−1 × [0, 1] → Sk
(s, t) 7→ (cos(tπ/2)s, sin(tπ/2)) .
This map satises f(s · τ, t) = f(s, t) · τ , f(τ · s, 0) = τ · f(s, 0), f(τ · s, 1) = f(s, 1) for
all s ∈ Sk−1 and t ∈ [0, 1]. It therefore indues a homotopy
(Sk−1b ×Z2 X)× [0, 1] → S
k
b ×Z2 X
([(s, x)], t) 7→ [(f(s, t), x)]
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from an odd to an even map and Lemma 3.1 an be applied. 
4.3. Notation. If G and G′ are graphs, then we write the Z2-ation on Hom(G,G
′)
indued by an involution of G as multipliation from the left with elements of Z2, and
the Z2-ation indued by an involution of G
′
as right multipliation. Again, these two
ations ommute beause of the assoiativity of ∗.
4.4. Theorem. Let G, G′ be graphs with edge-ipping involutions. If there exists a
Z2 × Z2-map f : S
k
b → Hom(G,G
′), then
cohom-indZ2 Hom(G
′,H) + k ≤ cohom-indZ2 Hom(G,H)
for all graphs H with Hom(G′,H) 6= Ø.
Proof. The diagram
S
k
b ×Hom(G
′,H)
f×id
//

Hom(G,G′)×Hom(G′,H)
∗
//

Hom(G,H)
S
k
b ×Z2 Hom(G
′,H)
Z2
// Hom(G,G′)×Z2 Hom(G
′,H)
Z2
44jjjjjjjjjjjjjjjj
ommutes. The existene of the Z2-map making the right triangle ommutative follows
from the assoiativity of ∗. The two Z2-maps at the bottom of the diagram show that
cohom-indZ2(S
k ×Z2 Hom(G
′,H)) ≤ cohom-indZ2 Hom(G,H),
and Lemma 4.2 onludes the proof. 
4.5. Example. Asmentioned above, we indeed have Hom(K2, C2r+1) ≈Z2×Z2 S
1
b , so that
Corollary 1.6 is a speial ase of Theorem 4.4. Similarly, if we equip Kn, n > 2, with the
Z2-ation ipping {0, 1} and keeping the other verties xed, then Hom(K2,Kn) ≈Z2×Z2
S
n−2
b for n ≥ 0. This an be seen as follows. If for a non-empty subset A of V (Kn) we let
bA denote the baryentre of the orresponding fae of the (n−1)-simplex, then mapping
φ ∈ F Hom(K2,Kn) to
1
2bφ(0)+
1
2bCφ(1) we obtain a homeomorphism from Hom(K2,Kn)
to the boundary of the (n-1)-simplex. This sends the left ation on Hom(K2,Kn) to the
antipodal map. The right ation on Hom(K2,Kn) is sent to the map on the simplex
indued by exhanging the verties 0 and 1. This is a reetion by the ane subspae
spanned by
{
b{0,1}, b2, . . . , bn−1
}
.
We will take up these examples again in 4.11 and 4.12.
We would like to have a version of Theorem 4.4 with onditions that are easier to
hek. A Z2 × Z2-map S
k
b → Hom(G,G
′) maps the xed point sets in Skb of subgroups
of Z2 × Z2 to the orresponding xed point sets in Hom(G,G
′). Sine the left ation
of Z2 on S
k
b is free, the xed point set of (τ, 1) in S
k
b is empty. The xed point set
in Hom(G,G′) of (τ, τ) orresponds to the equivariant multi-homomorphisms from G
to G′.
4.6. Denition. For i ∈ {0, 1} let Gi be a graph equipped with a Z2-ation given by
αi ∈ Hom0(Gi, Gi) with α
2
i = id. We dene HomZ2(G0, G1) to be the subspae of
|Hom(G0, G1)| onsisting of all x with α0 ∗ x = x ∗ α1.
The xed-point set in Hom(G,G′) of (1, τ) surely ontains all the multi-homomorph-
isms whose image is ontained in the indued subgraph of G on all verties whih are
xed by the involution. However, sine we are dealing with multi-homomorphism and
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not only homomorphisms, the xed point set an be larger. This leads us to the following
denition.
4.7. Denition. Let G be a graph equipped with a Z2-ation given by a homomorphism
α : G→ G with α2 = id. We dene a graph GZ2 by
V (GZ2) := {{u, α(u)} : u ∈ V (G)}
E(GZ2) := {{{u, α(u)} , {v, α(v)}} : {u, v} ∈ E(G) and {u, α(v)} ∈ E(G)}
We also dene ιG ∈ F Hom(G
Z2 , G) by ιG(v) := v.
The graph GZ2 is determined by the following universal property.
4.8. Proposition. Let G be graph and α an involution on G. ιG : G
Z2 → G is a
multi-homomorphism with ιG ∗ α = ιG. If H is a graph and h : H → G is a multi-
homomorphism with h∗α = h, then there is a unique multi-homomorphism g : H → GZ2
with h = g ∗ ιG. 
The analogous property with multi-homomorphisms replaed by homomorphisms is
fullled by the inlusion of the indued subgraph of G on all verties whih are xed by
the involution.
We an now state a more pratial, but slightly weaker, form of Theorem 4.4.
4.9. Theorem. Let G,G′ be graphs with Z2-ations, the ation on G ipping an edge,
and k ≥ 1. If
⊲ coindZ2 Hom(G,G
′Z2) ≥ k − 1,
⊲ HomZ2(G,G
′) 6= Ø, and
⊲ Hom(G,G′) is (k − 1)-onneted,
then
cohom-indZ2 Hom(G
′,H) + k ≤ cohom-indZ2 Hom(G,H)
for all graphs H with Hom(G′,H) 6= Ø.
Proof of Theorem 4.9. Sine coindZ2 Hom(G,G
′Z2) ≥ k − 1, there is a map
h : Sk−1 →Z2 Hom(G,G
′Z2)
Hom(G,ι
G′
)
−−−−−−−→ Hom(G,G′).
This map satises h(−s) = τh(s) and h(s)τ = h(s) for all s ∈ Sk−1. We also hoose
y ∈ HomZ2(G,G
′) ⊂ |Hom(G,G′)|, that is τyτ = y. Sine Hom(G,G′) is (k − 1)-
onneted, and the only xed point of the ation s 7→ −s on Dk is the origin, these hoies
an be extended to a map g : Dk → Hom(G,G′) with g(−s) = τg(s)τ for all s ∈ Dk,
g(0) = y, and g|Sk−1 = h. We now dene a map
f : Skb → Hom(G,G
′)
(x0, . . . , xk) 7→
{
g(x1, . . . , xk), x0 ≥ 0,
g(x1, . . . , xk) · τ, x0 ≤ 0.
This map ommutes with the left and right ations, so that Theorem 4.4 is appliable.

4.10. Corollary. Let T be a graph with a Z2-ation that ips an edge and k ≥ 1. If
coindZ2 Hom(K2, T
Z2) ≥ k − 1 and Hom(K2, T ) is (k − 1)-onneted, then
cohom-indZ2 Hom(T,H) + k ≤ cohom-indZ2 Hom(K2,H)
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for all graphs H with Hom(T,H) 6= Ø. It follows that
χ(G) ≥ cohom-indZ2 Hom(T,G) + k + 2
for all graphs G with Hom(T,G) 6= Ø. In partiular, if k = χ(T ) − 2 then T is a test
graph as dened in the introdution.
Proof. For the rst equation we set G = K2, G
′ = T in the Theorem. The edge of T
that is ipped by the ation ensures that HomZ2(K2, T ) 6= Ø. Now for a graph G with
Hom(T,G) 6= Ø, we set H = Kχ(G) to obtain
cohom-indZ2 Hom(T,G) + k ≤ cohom-indZ2 Hom(T,Kχ(G)) + k ≤
≤ cohom-indZ2 Hom(K2,Kχ(G)) = χ(G) − 2
and hene the seond equation. 
4.11. Example (Odd iruits). In Setion 3 we have dealt with C2r+1, r ≥ 1. The
result ould also have been ahieved by applying Corollary 4.10 with k = 1 =
χ(C2r+1) − 2. The multi-homomorphism x0 ∈ F Hom(K2, C2r+1) used there shows
that Hom(K2, C
Z2
2r+1) 6= Ø. Indeed, C
Z2
2r+1 has the single edge {{r − 1, r + 1} , {r}}.
4.12. Example (Complete graphs). If we equip Kn, n > 2 with the Z2-ation ipping
{0, 1} and keeping the other verties xed, then we an apply Corollary 4.10 with k =
n−2, sineKZ2n
∼= Kn−1. ThatKn is a test graph has been shown in [BK06a℄. In ontrast
to the ase of C2r+1, it will probably not ome as a surprise that other omplete graphs
do not yield better bounds on hromati numbers than K2.
Instead of applying Corollary 4.10 with k = n− 2 to obtain
cohom-indZ2 Hom(Kn,H) + n− 2 ≤ cohom-indZ2 Hom(K2,H)
we an also apply Theorem 4.9 with k = 1 to abtain the stronger result
cohom-indZ2 Hom(Kn,H) + 1 ≤ cohom-indZ2 Hom(Kn−1,H).
The neessary fat that Hom(Kn−1,Kn) is path-onneted follows by observing that the
group of permutations of V (Kn) is generated by transpositions of the form (i, n − 1).
More generally, Hom(Km,Kn) is homotopy equivalent to a wedge of (n − m)-spheres
for n ≥ m [BK06a℄.
4.13. Example (Kneser graphs). Let KGn,l denote the Kneser graph of n-element
subsets of {0, . . . , 2n + l − 1}. Edges are pairs of disjoint sets. It is the result of [Lov78℄
that Hom(K2,KGn,l) is (l − 1)-onneted and χ(KGn,l) = l + 2.
Let r, s ≥ 1. On the set {0, . . . , 4r + 2s− 1} we onsider the permutation
σ : i 7→ 4r + 2s− 1− i.
This indues a Z2-ation on KG2r,2s whih ips the edge
{{0, . . . , 2r − 1} , {2r + 2s, . . . , 4r + 2s − 1}} .
There is a homomorphism KGr,s → KG
Z2
2r,2s given by M 7→ {M ∪ σ[M ]}. Therefore
coindZ2 Hom(K2,KG
Z2
2r,2s) ≥ coindZ2 Hom(K2,KGr,s) = s, and Corollary 4.10 an be
applied with k = s+ 1.
For s = 1, this yields that KG2r,2 is a test graph with hromati number 4. For r > 1,
it is triangle-free. So far, the only known test graph with hromati number 4 was K4.
There are also good andidates in [iv05a℄; these are built from triangles.
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5. The olimits of Hom(C2r+1, G) and Hom(C2r, G) for r→∞
We x a graph G.
5.1. Denition. Let m ≥ 3. We dene a monotone map
ηm : FHom(Cm, G) →Z2 MonZ2(FHom(K2, Cm),FHom(K2, G)),
ηm(φ)(ρ) := ρ ∗ φ.
This map, or rather its adjoint
FHom(K2, Cm)×Z2 FHom(Cm, G)→Z2 FHom(K2, G),
has been vital in Setion 3. We will now dene a map that will indue a homotopy
inverse in the limit.
5.2. Denition. Let m ≥ 3. We dene a monotone map
θm : MonZ2(FHom(K2, Cm),FHom(K2, G)) →Z2 FHom(C3m, G),
θm(f)(3k) := f(({k} , {k − 1}))2,
θm(f)(3k + 1) := f(({k} , {k − 1, k + 1}))1,
θm(f)(3k + 2) := f(({k} , {k + 1}))2.
All sums on the right hand side are to be understood modulo m. Elements of
FHom(K2, G) are written as pairs of subsets of V (G).
5.3. Lemma. The map θm is a well-dened Z2-map.
Proof. Sine f(({k} , {k − 1})) ⊂ f(({k} , {k − 1, k + 1})), every element of θm(f)(3k+
1) is a neighbour of every element of θm(f)(3k), and similarly of every element of
θm(f)(3k + 2). Sine θm(f)(3k + 3) = θm(f)(3(k + 1)) = f(({k + 1} , {k}))2 =
f(({k} , {k + 1}))1, every element of θm(f)(3k + 2) is a neighbour of every element
of θm(f)(3k+3), and this alulation also overs the ase of the verties 3m− 1 and 0.
Therefore θm(f) is atually a multi-homomorphism from C3m to G. To show that θm
is equivariant, we alulate
θm(τ · f)(3k) = (τ · f)(({k} , {k − 1}))2 = f(({m− 1− k} , {m− k}))2
= θm(f)(3(m− k − 1) + 2) = θm(f)(3m− 1− 3k)
= (τ · θm(f))(3k),
θm(τ · f)(3k + 1) = (τ · f)(({k} , {k − 1, k + 1}))1 = f(({m− 1− k} , {m− k,m− k − 2}))1
= θm(f)(3(m− k − 1) + 1) = θm(f)(3m− 1− (3k + 1))
= (τ · θm(f))(3k + 1),
θm(τ · f)(3k + 2) = (τ · f)(({k} , {k + 1}))2 = f(({m− 1− k} , {m− 2− k}))2
= θm(f)(3(m− k − 1)) = θm(f)(3m− 1− (3k + 2))
= (τ · θm(f))(3k + 2),
whih ompletes the proof. 
5.4. Proposition. Let G be a graph, X a ompat triangulable free Z2-spae and
f : S1b ×Z2 X →Z2 |Hom(K2, G)|
an equivariant map. Then there exists an r ≥ 1 and an equivariant map
g : X →Z2 |Hom(C2r+1, G)|.
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5.5. Remark. Using notation to be introdued later, this proposition an be seen
to provide a poor man's version of a ontinuous map MapZ2(S
1
b ,Hom(K2, G)) →Z2
colimr Hom(C2r+1, G).
Proof of Proposition 5.4. The omplexes Hom(K2, C2r+1) are triangulations of S
1
b . If
we take r large enough and K a Z2-invariant triangulation of X that is ne enough,
then there exists a monotone map
FHom(K2, C2r+1)× FK ∼= F(Hom(K2, C2r+1)×K)→Z2 FHom(K2, G)
whih indues an approximation of f . This is adjoint to a montone map
FK →Z2 MonZ2(FHom(K2, C2r+1),FHom(K2, G)).
Its omposition with θ2r+1 indues the desired map g. 
5.6. Corollary. Let G be a graph. Then
coindZ2 Hom(K2, G) ≤ 1 + lim
r→∞
coindZ2 Hom(C2r+1, G).
Proof. Let coindZ2 Hom(K2, G) ≥ k + 1. Sine S
1
b ×Z2 S
k
is a free (k + 1)-dimensional
Z2-spae, there exists a map S
1
b ×Z2 S
k → Hom(K2, G). By the preeding proposition,
there exist an r and a map Sk →Z2 Hom(C2r+1, G). 
We now set up a framework that will allow us to pass to the limit of the spaes
Hom(Cm, G).
5.7. Denition. We dene monotone maps
im : FHom(Cm, G) → FHom(C3m, G),
im(φ)(3k) := φ(k − 1),
im(φ)(3k + 1) := φ(k),
im(φ)(3k + 2) := φ(k + 1)
and
jm : MonZ2(FHom(K2, Cm),FHom(K2, G)) → MonZ2(FHom(K2, C3m),FHom(K2, G)),
jm(f)((A, {3k + 1} ∪B)) := f(({k − 1, k + 1} , k)),
jm(f)((A ∪ {3k + 1} , B)) := f((k, {k − 1, k + 1})),
jm(f)(({3k} , {3k − 1})) := f(({k − 1} , {k})),
jm(f)(({3k − 1} , {3k})) := f(({k} , {k − 1})).
5.8. Proposition. θm ◦ ηm = im and η3m ◦ θm ≤ jm.
Proof. The alulations
θm(ηm(φ))(3k) = ηm(φ)(({k} , {k − 1}))2 = (φ(k), φ(k − 1))2 = φ(k − 1) = im(φ)(3k),
θm(ηm(φ))(3k + 1) = ηm(φ)(({k} , {k − 1, k + 1}))1
= (φ(k), φ(k − 1) ∪ φ(k + 1))1 = φ(k) = im(φ)(3k + 1),
θm(ηm(φ))(3k + 2) = ηm(φ)(({k} , {k + 1}))2 = (φ(k), φ(k + 1))2 = φ(k + 1) = im(φ)(3k + 2)
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prove θm ◦ ηm = im. Furthermore
η3m(θm(f))(({3k} , {3k − 1})) = (θm(f)(3k), θm(3(k − 1) + 2))
= (f(({k} , {k − 1}))2, f(({k − 1} , {k}))2)
= (f(({k − 1} , {k}))1, f(({k − 1} , {k}))2)
= f(({k − 1} , {k})) = jm(f)({3k} , {3k − 1}).
Sine θm(f)(3k − 1) ⊂ θm(f)(3k + 1) and θm(f)(3k + 3) ⊂ θm(f)(3k + 1), we have
η3m(θm(f))((A, {3k + 1} ∪B)) ≤ (θm(f)(3k) ∪ θm(f)(3k + 2), θm(f)(3k + 1))
= (f(({k} , {k − 1}))2 ∪ f(({k} , {k + 1}))2, f(({k} , {k − 1, k + 1}))1)
≤ f(({k − 1, k + 1} , {k})) = jm(f)((A, {3k + 1} ∪B)).
This shows η3m ◦ θm ≤ jm. 
5.9. Denition. For m ≥ 3 we dene a graph homomorphism
κm : Cm+2 → Cm
0 7→ m− 1,
i 7→ i− 1, 1 ≤ i ≤ m,
m+ 1 7→ 0.
Using arithmeti modulom on the right hand side, this an simply be written as κm(i) =
i − 1, whih makes it lear that this homomorphism ommutes with the involutions
on Cm+2 and Cm. For a graph G, we use the indued ontinuous maps Hom(κm, G) to
dene the olimits (diret limits)
colim
m odd
Hom(Cm, G) and colim
m even
Hom(Cm, G).
These arry indued Z2-ations.
The hoie of the graph homomorphisms κm is not of great importane, as the fol-
lowing lemma shows.
5.10. Lemma. Let G be a graph. The olimit of the diagram of all
|Hom(C3n+1 , G)|
|∆i
3n+1
|
−−−−−→ |Hom(C3n+2 , G)|
is Z2-homotopy equivalent to colimm odd Hom(Cm, G), and the olimit of the diagram of
all
|Hom(C4·3n , G)|
|∆i4·3n |
−−−−−→ |Hom(C4·3n+1 , G)|
is Z2-homotopy equivalent to colimm evenHom(Cm, G).
Proof. The map im is indued by a graph homomorphism ιm : C3m → Cm. We rst on-
sider the ase of oddm. It is easy to hek that there is a path in HomZ2(C3(2r+1), C2r+1)
onneting ι2r+1 and κ6r+1 · · · κ2r+3κ2r+1. This indues a Z2-homotopy between ∆i2r+1
and Hom(κ6r+1, G) · · ·Hom(κ2r+1, G) and hene between the homotopy olimits of the
orresponding diagrams. Sine these diagrams onsist of simpliial inlusion maps, hene
obrations, the natural maps from their homotopy olimits to their olimits are also
homotopy equivalenes.
For even r we proeed similarly, using a path from ι6rι2r to κ18r−2 · · · κ2r+2κ2r. These
graph homomorphisms are used beause they agree on the verties 0, 9r − 1, 9r and
18r − 1. 
14 CARSTEN SCHULTZ
We are now ready to prove the main theorem.
5.11. Theorem. Let G be a graph. Then
colim
m odd
Hom(Cm, G) ≃Z2 MapZ2(S
1
b ,Hom(K2, G)),
where Z2 ats on the right hand side by the right ation on S
1
b , and
colim
m even
Hom(Cm, G) ≃Z2 Map(S
1
b ,Hom(K2, G)),
where Z2 ats on the right hand side by the right ation on S
1
b and the ation on
Hom(K2, G).
Proof. We use the diagrams from Lemma 5.10. By Proposition 5.8 the diagram
|Hom(C3m, G)|
|∆η3m|
//
OO
|∆MonZ2(FHom(K2, C3m),FHom(K2, G))|
OO
|Hom(Cm, G)|
|∆ηm|
//
|∆im|
OO
|∆MonZ2(FHom(K2, Cm),FHom(K2, G))|
|∆θm|
kkWWWWWWWWWWWWWWWWWWWWW
|∆jm|
OO
OO OO
ommutes up to homotopy and therefore indues a homotopy equivalene between the
homotopy olimits of the olumns. Sine both olumns onsist of simpliial inlusion
maps, whih are obrations, the homotopy olimits are homotopy equivalent to the
olimits.
The 1-dimensional ell-omplex Hom(K2, C3m) an be obtained from Hom(K2, Cm)
by dividing eah 1-ell into three 1-ells. There is a orresponding homeomorphism
|∆(FHom(K2, C3m))|
≈
−→ |∆(FHom(K2, Cm))| and the map |∆jm| is indued by a map
homotopi to it. Thus there is a natural map from the homotopy olimit of the right
olumn to the spaeMapZ2(Hom(K2, C3),Hom(K2, G)) in the ase of oddm respetively
MapZ2(Hom(K2, C4),Hom(K2, G)) in the ase of even m. Using the tehnique of the
proof of Proposition 5.4 we see that these maps are weak homotopy equivalenes and
hene homotopy equivalenes.
All these onstrutions an be arried out in suh a way that the homotopy equiv-
alenes are Z2-maps between free Z2-spaes and hene Z2-homotopy equivalenes. Fi-
nally, Hom(K2, C3) ≈ S
1
b and the quotient of Hom(K2, C4) by the free left Z2-ation is
homeomorphi to S
1
b as a right Z2-spae. 
5.12. Remark. In partiular, colimr Hom(C2r,Kn+2) is homotopy equivalent to the
free loop spae of the n-sphere, a well-studied spae. In [Koz05℄ the ohomology groups
of Hom(Cm,Kn+2) are determined. Together with an analysis of the maps indued in
ohomology by im or κm this yields an elementary alulation of the ohomology groups
of free loop spaes of spheres.
5.13. Remark. Sine Hom(K2, Cm) with the Z2-ation indued by the ation on K2 is
homeomorphi to S
1
with the antipodal ation for odd m and homeomorphi to S0×S1
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with an ation exhanging the omponents for even m, we obtain
colim
r
|Hom(C2r, Cm)| ≃ Map(S
1, |Hom(K2, Cm)|) ≃
∐
Z
S
1,
colim
r
|Hom(C2r+1, Cm)| ≃ MapZ2(S
1, |Hom(K2, Cm)|) ≃
{∐
Z
S
1, m odd,
Ø, m even.
The homotopy types of the spaes Hom(Cs, Cm) have been determined in [K℄.
5.14. Remark. We have seen that colimr Hom(C2r+1,Kn+2) ≃ MapZ2(S
1,Sn). There
is a anonial map
V2,n+1 := {(x, y) ∈ S
n : 〈x, y〉 = 0} −−→ MapZ2(S
1,Sn)
whih maps (x, y) to a loop following the great irle through x and y at onstant
speed, starting at x in the diretion of y. Among the spaes Hom(C2r+1,Kn+2), the
spae Hom(C5,Kn+2) is speial, beause it is a manifold [CL05℄. It has been onjetured
by Csorba [Cso05℄ and proven in [Sh05b℄ that there are homeomorphisms
Hom(C5,Kn) ≈ V2,n+1.
It should not be diult to hek that these maps an be arranged in a diagram
Hom(C5,Kn+2) //
≈

colimr Hom(C2r+1,Kn+2)
≃

V2,n+1 // MapZ2(S
1,Sn)
whih ommutes up to homotopy.
5.15. Corollary. Let G be a graph. If Hom(K2, G) is (k+1)-onneted, then the spaes
colimr Hom(C2r+1, G) and colimr Hom(C2r+1, G) are k-onneted.
Proof. Let X be a onneted free Z2-spae with non-degenerate basepoint
x0. MapZ2(S
1,X) is homeomorphi to {f ∈ Map(I,X) : f(1) = τf(0)}. Evalu-
ating at 0 makes this into the total spae of a bration over X with bre
{f ∈ Map(I,X) : f(0) = x0, f(1) = τx0}. The bre is a bre of the path bration
over X and hene homotopy equivalent to the loop spae ΩX. If now πk(X) ∼=
πk+1(X) ∼= 0, then from the part
0 ∼= πk+1(X) ∼= πk(ΩX)→ πk(MapZ2(S
1,X)) → πk(X) ∼= 0
of the exat homotopy sequene of the bration it follows that πk(MapZ2(S
1,X)) ∼= 0.
The spae Map(S1,X) is also the total spae of a bration with base X and bre ΩX,
so the same onlusion holds. 
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